In this paper, we propose an Adaptive Hyperbolic EGARCH (A-HYEGARCH) model to estimate the long memory of high frequency time series with potential structural breaks. Based on the original HYGARCH model, we use the logarithm transformation to ensure the positivity of conditional variance. The structural change is further allowed via a flexible time-dependent intercept in the conditional variance equation. To demonstrate its effectiveness, we perform a range of Monte Carlo studies considering various data generating processes with and without structural changes. Empirical testing of the A-HYEGARCH model is also conducted using high frequency returns of S&P 500, FTSE 100, ASX 200 and Nikkei 225. Our simulation and empirical evidence demonstrate that the proposed A-HYEGARCH model outperforms various competing specifications and can effectively control for structural breaks. Therefore, our model may provide more reliable estimates of long memory and could be a widely useful tool for modelling financial volatility in other contexts.
Introduction
One important research topic in statistics and econometrics is analyzing economic and financial time series, in particular, investigating the dynamic behavior of macroeconomic and financial variables. Traditional models adopt a convenient assumption of constant conditional variance, which ignores fluctuations in the second-order structure of time series. Following the Autoregressive Conditional Heteroskedasticity (ARCH) process introduced by Engle (1982) , models with time-varying conditional variances depending on the past realizations have become popular and been proven useful in the past decades. For example, Weiss (1984) models and discusses thirteen U.S. macroeconomic time series using the Autoregressive Moving Average (ARMA) models with ARCH errors. Extended from it, the Generalized ARCH (GARCH) process introduced by Bollerslev (1986) replaces lagged sample variances in the ARCH process with lagged conditional variances, which is analogous to the ARMA structure. Despite its popularity, the GARCH model has several non-negligible drawbacks, including the inability to capture the long memory behavior of high frequency time series.
Long-memory persistence commonly exists in the studies of the volatility of high frequency financial time series (see, for example, Bollerslev and Mikkelsen 1996; Dacorogna et al. 1993; Ding et al. 1993; Granger and Ding 1996b) . A widely appreciated definition of the long memory is provided by Diebold and Inoue (2001) . It states that financial time series {y t } T t=1 has a long memory persistence measured by d, if Var (S t ) = O T 2d+1 , where S T = ∑ T t=1 y t . To capture this feature, long memory extensions of the GARCH model have been introduced by various researchers; famous examples include the Fractionally Integrated GARCH (FIGARCH) model proposed by Baillie et al. (1996) and the Hyperbolic GARCH (HYGARCH) model proposed by Davidson (2004) . Compared with the GARCH model, both the FIGARCH and the HYGARCH models are capable of describing the observed long-run dependencies in the conditional variances of financial time series.
Despite the growing amount of research on the long memory feature of time series, many studies are unconvinced about its validity for the volatility processes. Particularly, it has been proved that structural changes can partly explain some extremely persistent volatility processes, and can also induce a time series to have long memory behavior. Lamoureux and Lastrapes (1990) originally showed that structural changes in the unconditional variance of stock returns may generate overestimated extremely persistent volatility. Subsequent theoretical explanations have been presented by Morana (2002) and Hillebrand (2005) . Moreover, Diebold and Inoue (2001) have demonstrated that structural change is related to long memory, and both features are easily confused with each other. Therefore, a more appropriate volatility model would be able to consider long memory and structural change simultaneously. Similar opinions can be found in studies by Beine et al. (2001) , Morana and Beltratti (2004) , and Martens et al. (2004) .
This paper proposes an Adaptive Hyperbolic Exponential GARCH (A-HYEGARCH) process. It is designed for modeling the long memory of high frequency financial time series with structural changes. This model incorporates the structure of Exponential GARCH (EGARCH) model discussed by Nelson (1991) into Davidson (2004) 's HYGARCH model, further considering a time varying deterministic component in the flexible functional form provided by Gallant (1984) . Those features enable the A-HYEGARCH model to nest stochastic long memory and deterministic break processes. As an improvement over the original HYGARCH specification, the proposed model requires many fewer and much simpler parameter constraints to ensure the non-negativity of the conditional variance. Therefore, the estimation process is expected to be more efficient and accurate. Compared with related approaches to model the structural change, the employed adaptive function does not require any further information of the number or locations of change points (Baillie and Morana 2009) .
To demonstrate the usefulness of A-HYEGARCH model, we firstly conducted a series of Monte Carlo simulations. It is shown that the A-HYEGARCH can effectively mitigate the upward bias in the estimated values of the long memory parameter d in the presence of structural breaks. Apart from that, we investigate its practical performance using empirical studies on four world stock indexes. More specifically, our data range from 1 January 2008 to 31 December 2011 for each of four popular world-wide stock exchange indexes, including: (1) the Standard & Poor's 500 (S&P) index, which consists of 500 large companies having stock listed on the New York Stock Exchange and NASDAQ; (2) the Financial Times Stock Exchange 100 (FTSE), which consists of 100 companies listed on the London Stock Exchange; (3) the S&P/ASX 200 (ASX) index, which consists of 200 companies listed on the Australian Securities Exchange; and (4) the Nikkei 225 (Nikkei) index, which consists of 225 Japanese companies listed on the Tokyo Stock Exchange. With the existence of 2008 Global Financial Crisis (GFC), the estimated long-memory parameter of A-HYEGARCH is consistently smaller and more reliable than the long-memory GARCH models that do not allow structural change. On the other hand, when compared with three other adaptive GARCH-type models (A-FIGARCH, A-FIEGARCH and A-HYGARCH), the A-HYEGARCH model still demonstrates outstanding performance. For instance, it consistently outperforms the competing models according to both Akaike information criterion (AIC) and Bayesian information criterion (BIC). Thus, our A-HYEGARCH framework could be a widely useful tool for modelling financial volatility in other contexts including the financial risk management.
The reminder of this paper proceeds as follows. Section 2 reviews two popular long memory GARCH-type models, together with their advantages and constraints. Structural changes observed in financial volatility and the related adaptive models are discussed in Section 3. Section 4 explains the A-HYEGARCH model proposed in this paper, and presents evidence of the model's effectiveness to estimate long memory parameter in the presence of structural changes via Monte Carlo studies. Section 5 describes the empirical applications and Section 6 concludes the paper.
Long Memory GARCH-Type Models

FIGARCH Model
To model the long-term persistence, Engle and Bollerslev (1986) developed the Integrated GARCH (IGARCH) model as an extension to the original GARCH model. It is argued that IGARCH models have a property called "persistent variance" since any shocks to the conditional variance, either happened today or in the past, will persist indefinitely into the future. However, Nelson (1990) showed that the IGARCH process without drift would definitely converge to zero with probability one, in finite steps. Hence, IGARCH models are generally considered as short memory models by researchers (Davidson 2004; Granger and Ding 1996a) . Additionally, the IGARCH process is neither covariance stationary nor does it have well-defined unconditional variance, although it is possible to be strictly stationary and ergodic (Nelson 1990) . Baillie et al. (1996) generalized the IGARCH model to a new class named Fractionally Integrated GARCH (FIGARCH) models, with the purpose of explicitly describing the long memory behavior of the conditional variances of financial time series. Following the formulations of ARCH and GARCH models, for a discrete times real-valued stochastic process {ε t }, Baillie et al. (1996) parameterized the FIGARCH (p, d, q) model as:
where h t is the conditional variance of ε t , 0
. In particular, z t is an identically and independently distributed (iid) innovation sequence following a known distribution with zero mean and unit variance. 1 The lag polynomials are defined as
lie outside the unit circle, the FIGARCH model can be rearranged into an ARCH(∞) representation as
with
and B (L) = 1 − β (L). To ensure that the FIGARCH (p, d, q) process described in Equation (1) is well-defined, and the conditional variance h t remains positive for all t, generally, all the parameters in Equation (2) must be non-negative. In other words, ω ≥0, 0 ≤ β 1 ≤ 1, and Ψ FI k ≥ 0 for all k. More detailed conditions for the non-negativity of h t in Equation (2) are given by Conrad and Haag (2006) who extended the results of Nelson and Cao (1992) to the FIGARCH (p, d, q) framework and derived necessary and sufficient conditions for p ≤ 2 and sufficient conditions for p > 2.
As a direct extension to IGARCH, the FIGARCH model has its short-run dynamics described by the conventional GARCH parameters (α i s and β j s). In contrast to the GARCH model where shocks to the conditional variance dissipate quickly at an exponential rate, shocks of FIGARCH exhibit hyperbolic decays. This feature of the FIGARCH model stems from the fractional differencing factor 1 Note that FIGARCH (and HYGARCH model introduced in Section 2.2) is proposed using the Gaussian assumption, i.e., z t ∼ iid N(0, 1). However, existing research suggests that financial time series is rarely Gaussian but leptokurtic. To address this issue, z t is assumed to follow fat-tailed distributions like Student's t in the literature. More details and discussions can be found at the end of Section 4.3.
(1 − L) d . According to Granger and Joyeux (1980) and Hosking (1981) , the fractional differencing factor has an expanded form as(1
Equation (3) indicates that π j decays hyperbolically rather than geometrically, implying impulse responses to shocks in the conditional variance of FIGARCH models die out slower than those of GARCH models.
Although the FIGARCH process is designed to model the long memory behavior of financial time series, some researchers are sceptical about it. For example, Davidson (2004) argued that the FIGARCH model's long memory property is misleading: firstly, when d approaches boundaries of its defied interval (0, 1), the FIGARCH model will behave quite close to either the GARCH model or the IGARCH model. Therefore, the FIGARCH model acts as a role of intermediate model between the stable short memory GARCH and IGARCH models, but with longer memory than either one. The memory of the FIGARCH model will suddenly jump to the negative infinity if d is close enough to its boundaries. Secondly, Ψ FI (1) =1 always holds regardless of the value of d, implying that the FIGARCH model belongs to the "knife-edge-nonstationary" class of models, which nests the IGARCH (Ψ IGARCH (1) =1). Hence, just like IGARCH, the FIGARCH model does not have well-defined unconditional variance and is not covariance stationary. Such limitations of the FIGARCH model motivate researchers to develop other long memory volatility models for financial time series.
HYGARCH Model
To overcome the issues of FIGARCH, Davidson (2004) proposed the HYGARCH model, which also has hyperbolically decaying impulse response coefficients. The HYGARCH(p, d, q) model is defined as:
where
and φ(L) are defined as before. The HYGARCH model reduces to the GARCH model when τ = 0 or d = 0 and reduces to the FIGARCH model when τ = 1. If d happens to take the value of 1, then the HYGARCH model will become either a stationary GARCH (τ < 1), an IGARCH (τ = 1) or a GARCH (τ > 1) with explosive conditional variances. If all roots of Φ (L) and [1 − β (L)] lie outside the unit circle, the HYGARCH model can be rearranged into an ARCH(∞) representation as
. This expression implies that ARCH(∞) coefficients of the HYGARCH model are constructed as a weighted average of the ARCH(∞) coefficients from the GARCH and the FIGARCH model, with weights τ and (1 − τ), respectively. Hence, the conditional variance equation of the HYGARCH model can be rewritten as
It can be seen from Equation (6) that the conditional variance equation of the HYGARCH model has a short-run GARCH component and a long-run FIGARCH component. In general, the HYGARCH model will be covariance stationary for any 0 ≤ τ < 1 and Φ (1) > 0.
Similar to GARCH and FIGARCH models, there are conditions for HYGARCH models to ensure conditional variances remain positive for all t. Conrad (2010) explored this topic in detail and gave specific necessary and sufficient conditions for the non-negativity of the conditional variance of the HYGARCH(p, d, q) model. However, although not technically restrictive as the conditions for GARCH and FIGARCH, those conditions for HYGARCH are even more complicated and can be very possibly violated in application.
Another important limitation of the HYGARCH model (and other long-memory GARCH models) exists when structural breaks occur in data. Among existing studies, Lamoureux and Lastrapes (1990) attempted to adjust for change of regimes in the conditional variance intercept of the GARCH model fitted to 30 randomly picked CRSP stocks. Substantially lower estimates of the long memory parameter d are observed. Choi et al. (2010) compared estimates of d in HYGARCH models before and after adjusting for structure breaks. They found that, when structure breaks are present, d tends to be overestimated. Similar results can also be found in recent studies like Günay (2014) .
Structural Change and Relevant Models
Structural Change in Time Series
In relation to the cause of structural change, empirical research has shown that structural change in financial time series often associates with permanent changes in the fundamental structure of an economy (Balke and Fomby 1991) , financial crises (Cerra and Saxena 2005; Jeanne and Masson 2000) or even government abrupt changes of monetary and/or fiscal policies (Hamilton 1988; Sims and Zha 2006) . Figure 1 displays the movements of the ASX stock index over the period 1 January 2008 to 31 December 2011, during which time the major financial markets in the world are experiencing recessions. Two completely different volatility structures of returns can be clearly observed in the figure. The red dashed line indicates the structural change point detected by the Mood test using the Nonparametric Change Point Model (NPCPM), which are described in Section 4. An obvious change in its return volatility is observed in early 2009. Such structural changes are likely widespread in financial and economic time series, and relevant persuasive empirical evidence can be found in Stock and Watson (1996) .
As described above, structural change is related to long memory and can lead to overestimated d. Thus, due to the existence of structural change in practice, the application of the original FIGARCH and HYGARCH is limited in practice. An extension of those models to control for the effect of structural breaks is therefore of particular interest to provide more reliable estimates of long memory.
To model the structural change within the GARCH framework, various approaches have been studied in the literature. Hamilton and Susmel (1994) noticed the possible influence of extreme shocks to the fundamental structure of economy and incorporated the regime-switching model with ARCH volatility forecasting methodology. Gray (1996) combined the generalized regime-switching (GRS) model and the GARCH process in modeling interest rates, assuming state-dependent Markov transition probabilities and GARCH parameters. This model demonstrates considerably lower estimates of persistence in conditional variance and better out-of-sample forecasting results, compared to simple single-regime models. However, there is little research studying the incorporation of the regime switching feature into the long memory GARCH model. More importantly, such a model would require a reliable estimate of the number of volatility states, which is still an unresolved technical issue. In addition, with the increase of this number, the total number of parameters to be estimated for a regime-switching model can rise exponentially. This could become unmanageable and lead to computational inefficiency in practice. More discussions regarding this can be found in Shi and Ho (2016) . 
Adaptive-FIGARCH Model
To address the issue of regime-switching approach, existing studies have incorporated the structural breaks into long memory models using effective alternative parametric features. Baillie and Morana (2009) introduced the Adaptive-FIGARCH (A-FIGARCH) model, which is designed to account for both long memory and structural change in financial time series. 2 The A-FIGARCH model consists with two components-a stochastic long memory part and a deterministic break process element. Following Baillie et al. (1996) , the A-FIGARCH(p, d, q, k) model can be expressed as:
The main difference between the A-FIGARCH model and the conventional FIGARCH model is the inclusion of the time varying intercept ω t . The A-FIGARCH model can be reduced to the standard FIGARCH model by setting
The intercept ω t in the A-FIGARCH model follows the Fourier flexible functional form originally proposed by Gallant (1984) , which has been adopted in influential finance research like Bollerslev (1997, 1998) . According to Baillie and Morana (2009) , this flexible functional form is able to accurately approximate abrupt structural changes, such as discontinuous shifts 3 . Hence, with a time varying ω t , modelling structural change is attainable by selecting the proper frequency (i.e., the value of k) for the intercept term. Unlike the regime-switching approach, A-FIGARCH model with a larger k always nests that with a lower k. Thus, a general likelihood-ratio test can be adopted to test the number of k. In addition, Baillie and Morana (2009) suggests a parsimonious number like 2 or 3 is usually sufficient, although a larger number may be required by data with a longer sample period. In any case, without a filtering approach to commutate the likelihood of 2 Another potentially powerful approach to incorporate the structural breaks is via higher-order polynomial function. However, Baillie and Morana (2009) suggest that the Spline-FIGARCH model considering such features is outperformed by the A-FIGARCH. Thus, we only adopt the adaptive specification in this paper to model the structural breaks.
regime switching GARCH models (see Shi and Ho (2016) for details), the computational burden of the Adaptive-type GARCH model is much lower. The number of total parameters also increases slowly with the growth of k.
Non-negativity conditions for the conditional variance of A-FIGARCH model inherit those of the standard FIGARCH model. The initial sufficient condition given by Baillie et al. (1996) in the FIGARCH paper requires that ω > 0, 0 ≤ β ≤ φ + d and 0 ≤ d ≤ 1 − 2φ. According to Conrad and Haag (2006) , the restriction on ω could be released, with the less restrictive necessary and sufficient conditions involving only parameters β and φ. Therefore, it is safe to include the trigonometric terms in ω t , with no need to worry about violating nonnegative conditions for the conditional variance of A-FIGARCH models.
As described above, neglecting structural breaks leads to overestimated long memory measure. Simulation results provided by Baillie and Morana (2009) show that the estimate of long memory parameter d obtained from the A-FIGARCH model generally has smaller bias and lower root mean square error than the standard FIGARCH model. This demonstrates that inclusion of the trigonometric components in the intercept can effectively mitigate the upward bias in the estimate of long memory parameter d from the standard FIGARCH estimation. A direct interpretation of this suggests that the Fourier flexible functional form ω t of the A-FIGARCH model performs well in modeling the structural change in the conditional variance. Baillie and Morana (2009) also point out that, when the degree of persistence is higher (e.g., d = 0.45), the reduction of estimated d using A-FIGARCH over that with FIGARCH is higher.
Despite its effectiveness in estimating d, A-FIGARCH model still has issues as those of FIGARCH. It also does not have well-defined unconditional variance and is neither strictly stationary nor ergodic. Furthermore, the accuracy of long memory measure is questionable, like described in Section 2.2. A natural extension is to apply the adaptive form to the better parametrised HYGARCH specification. However, the complex non-negativity constraints would still apply for the potential A-HYGARCH model. This may cause problems in practice, due to the bounded optimization procedure (i.e., numerical maximization of the log-likelihood function over selected intervals) employed in the estimation of model parameters. This may potentially lead to computational inefficiency and even numerical inaccuracy, especially when true values of parameters are close to the boundaries of constraints.
The A-HYEGARCH Model
Nelson (1991) introduced the Exponential GARCH (EGARCH) model that successfully releases the non-negativity constraints of the original GARCH model. Moreover, as noted by early study of Black (1989) , volatility of stock returns tend to increase in response to a drop in the stock price, possibly caused by the accumulating financial and operating leverage in this situation. By squaring the lagged residuals, the original GARCH model loses information contained in the sign of past residuals, resulting in conditional variance responding symmetrically to positive and negative residuals. In contrast, the EGARCH model contains an important precedent of incorporating asymmetric terms into the conditional variance equation. An extension of EGARCH to allow long memory leads to Bollerslev and Mikkelsen (1996) 's FIEGARCH model. A HYEGARCH specification could then be further derived.
Step 1: HYEGARCH Model
As described in Section 2, the HYGARCH model is capable of dealing with highly persistent volatility processes. The GARCH and FIGARCH components found in HYGARCH models together add great flexibility to modeling persistent volatility processes, as they dominate in either the shortand long-run, respectively. Following this idea, a HYEGARCH model can be proposed by nesting a short-memory model (the EGARCH model) and a long-memory model (the FIEGARCH). Such a model would have hyperbolically decaying memory and with a EGARCH-type conditional variance equation.
More specifically, a HYEGARCH(p, d, q) process {ε t } can be defined as
where ω ∈ R and g (Z t )
Clearly, when τ = 0, HYEGARCH reduces to the EGARCH model, whereas τ = 1 results in the FIEGARCH model.
Following the Maclaurin expansion of (1
factor has the same binomial expansion as in Equation (3). That is,
. This demonstrates that shocks to the conditional variances of HYEGARCH model decay hyperbolically.
The conditional variance equation of HYEGARCH model can be rewritten to a more general form as follows:
where {ω t } and {λ k } k∈N are real non-stochastic sequences provided that the process {ln(h t )} n t=1 is well defined. Note that {z t } t∈N does not necessarily have a variance of 1, and it can be any white noise process with definite variance. The function g (·) can be any measurable function, while here it is assumed to be the same form as in the FIEGARCH (EGARCH) model with the purpose of allowing for asymmetric response to positive and negative shocks.
Step 2: A-HYEGARCH Model
In analogy to Baillie and Morana (2009) 's generalization of the FIGARCH model to the adaptive framework, we propose that the HYEGARCH model introduced above can also be extended to an A-HYEGARCH model. Therefore, it would also allow for structural change in modelling time series. More specifically, an A-HYEGARCH(p, d, q, k) model is defined as
where ω t is defined as in the A-FIGARCH model, and all other variables are defined as in the HYEGARCH model. For a general FIEGARCH process, Lopes and Prass (2014) have shown that, when {z t } has finite mean, and θ and γ are not both equal to zero, {g(z t )} is a strictly stationary and ergodic process. If E |z t | 2 < ∞, then {g(z t )} t∈N is a white noise process with the following variance specification
Nelson (1991) pointed out that the stationarity and ergodicity criterion is exactly the same as for any general linear process with finite variance innovations. Hence, we directly extend their theorem to our A-HYEGARCH mode. Nelson (1991) also stated that, in many applications, an ARMA process gives a parsimonious parameterization for ln(h t ).
For the A-HYEGARCH defined in Equation (11), let λ (·) be the polynomial with the following form
Then, for all k ∈ N, the coefficients
as k goes to infinity. Hence, it can be shown that the coefficients λ k in Equation (10) converge to a finite order of k, as k goes to infinity. This property is important as the asymptotic representation is essential for establishing the necessary condition for square summability of {λ k } and for the criterion of Theorem 2.1 in Nelson (1991) . Furthermore, one can conclude that this theorem holds for the A-HYEGARCH model if and only if d < 0.5, and at the same time {λ k } ∈ L 2 . In addition, as noticed above, shocks to the logarithm of conditional variance also decay slowly at a hyperbolic rate, which allows for the long-run dependency.
Using those results, we notice that, for an A-HYEGARCH(p, d, q, k) process, {ln(h t )} is stationary (strictly and weakly) and ergodic when d < 0.5. The |ln (h t ) − ω t | < ∞ holds almost surely. Moreover, { t } and {h t } are both strictly stationary and ergodic processes. Therefore, {g(z t )} would be a white noise process, and {ln(h t )} t∈Z becomes an ARFIMA(p, d, q) process (Lopes and Prass 2014) . Therefore, we can conclude the following properties:
Property 2 If −0.5 < d < 0.5 and α (z) = 0, the process {ln(h t )} t∈Z is invertible.
Finally, although {z t } in the GARCH family model is all originally assumed to be Gaussian, the Student's t distribution is more appropriate in practice to model the fat=tail property. For example, Bollerslev (1987) advocated the benefit of using the Student's t distribution in his study of exchange rates and stock indexes. Davidson (2004) also adopted the Student's t distribution in the analysis of various exchange rates using his HYGARCH models. Thus, in the rest of this paper, we assume that {z t } follows a Student's t distribution rather than the Gaussian.
Estimation of A-HYEGARCH Models
In this section, we report Monte Carlo simulation evidence on the estimation of A-HYEGARCH (p, d, q, k) models for different data generating processes (DGPs) of HYEGARCH (p, d, q) with structural change. All models in this section assume that z t follows the Student's t distribution with 3 degrees of freedom. We specify an uncorrelated process {ε t } for the mean in all the experiments, with conditional variance processes {h t } exhibiting various forms of long memory behaviors with and without structural breaks. As A-HYEGARCH (HYEGARCH) models contain weighted fractional differencing
which is also found in standard HYGARCH models, the set of parameters in this study are chosen to be close to those in Conrad (2010)'s simulation study of the HYGARCH model. In addition, following Baillie and Morana (2009)'s simulation study design, we choose the values of d and limit that p, q =(0,0), (1,0) or (1,1). More specifically, we consider β 1 = 0.6, α 1 = 0.2, θ = 1, γ = 0, τ = 0.5 and the long memory parameter d = (0.25, 0.35, 0.45). Note that d = 0.25 corresponds to moderate persistence in volatility process while d = 0.45 is very close to the non-stationary region (d ≥ 0.5), indicating high persistence in ln(h t ). In addition, the structural change is assumed for ω only, the values of which are discussed below. To generate samples from HYEGARCH(p, d, q) DGPs with structural change, we follow 3 steps below. Notice that Step 3 acts as the core part of this simulation study, and it must be repeated for each model and each replication.
Step 1 is also repeated for reach replication, while Step 2 only needs to be performed once for each model. Following Baillie and Morana (2009) , we consider 500 Monte Carlo replications with 10,000 observations simulated for each. The first 9000, 8000 and 7000 are then discarded to avoid simulation errors, resulting in sample sizes T = (1000, 3000, 5000), respectively.
Step1: Set z t ∼ Student s t v=3 , and get an iid sample {z t } T t=−m , where m represents the number of extra burn-in data generated.
Step 2: Choose appropriate designs for the intercept term in each model. In this research, we consider three different designs:
Design 1 (m 1 ) assumes a constant intercept ω = ω t = 0.1, and corresponds to the standard experiment setting where no structural breaks are allowed in the conditional variance.
Design 2 (m 2 ) adopts the permanent break structure which is used by Baillie and Morana (2009) in their research and has one step change in the intercept right at the middle of the sample. At the break point, the intercept jumps from 0.1 to 0.5 without bouncing back in the future. Hence,
Design 3 (m 3 ) has two step changes occurring at one-third and two-thirds of the way throughout the sample, with the intercept jumping from 0.1 to 0.5 at the first break point and bouncing back to 0.3 at the second break point. Hence,
Step 3: The sample {ε t } T t=1 is obtained using the specification described in Equation (10) (k = 0) with chosen values of parameters and extra burn-in data deleted to avoid start-up problems.
In terms of the estimation, as discussed above, we assume that the innovation sequence follows the Student's t distribution with υ degrees of freedom. The log-likelihood function applied to all models of this paper can then be described as follows:
where the vector of unknown parameters is denoted by
We maximize Equation (15) with the help of statistical packages in R (R Core Team 2017) to obtain estimate of η, denoted byη. Maronna (1976) has proved the existence, uniqueness, consistency, and asymptotic normality of Student's t long-likelihood estimators. For instance, under general assumptions, if there exists a > 0 such that, Pr (H) ≤ 1/(υ + 1) − a holds for every hyperplane H, then the equations obtained by differencing Equation (15) have a unique and consistent solution. 4 To assess the performance of maximum likelihood estimatorη, we calculate the Monte Carlo bias (Bias), the root mean square error (RMSE) and the standard error (SE) of the estimated long memory parameter d. For any model considered, let d k denote the estimated value of d in the n-th replication, where n ∈ {1, · · · , 500}. Then, the performance measures are defined as
Table 1 summarizes estimation results of the A-HYEGARCH models with k = 0 (equivalent to ordinary HYEGARCH models) for the HYEGARCH DGP with design 1 (no structural change). We noticed that the obtained estimates of the long memory parameter d have very small bias when the sample size T is large. This result is consistent for the three values assumed for d and across all three selections of T. For instance, the estimation Bias is generally smaller than 5% when the sample has over 3000 simulated data. The HYEGARCH(1, d, 1) DGPs with d = 0.45 has the most significant reduction in estimation bias, from 0.0264 reduced to 0.0015 when sample size increases from 1000 to 5000. Table 2 reports estimation results for A-HYEGARCH models with k = (1, 2, 3, 4). As revealed in the table, increasing the value of k will not significantly change estimation bias of the long memory parameter d. Generally speaking, the bias of the estimated d is less than 5%, which indicates great accuracy of A-HYEGARCH models in the absence of structural change. Table 2 also reports significant reductions in standard errors of estimates of long memory parameter d as sample sizes increase. Using A-HYEGARCH(1, d, 1, 1) models as an example, when d = 0.25, a five-fold increase in sample size results in the SE dropping by 27%; when d = 0.45, a five-fold increase in sample size results in the SE dropping by more than 40%. This is consistent with the ordinary asymptotic property.
There is another important result obtained by comparing Table 1 and Table 2 . More than half model designs show reduction in RMSE after adopting adaptive structure. As d increases, however, the reduction in the degree of RMSE tend to decrease. These results suggest that the A-HYEGARCH model has the same property as A-FIGARCH regarding the use of the adaptive structure. No additional cost will be incurred by adopting the time dependent intercepts, regardless of the chosen number of k in the conditional variance equation. According to Baillie and Morana (2009) , this result suggests that the intercept used, which follows Gallant (1984) 's flexible functional form with more than one pair of trigonometric components, can adjust for some uncertainties in the estimation of the long memory parameter d. Tables 3-5 provide simulation results for various A-HYEGARCH models for HYEGARCH DGPs subject to structural change designs. From Table 3 , it can be seen that most A-HYEGARCH(0,d,0,k) models appear to have smaller estimation bias for the m 3 structural change design than the m 2 design. With an intercept term containing three pairs of trigonometric components (k = 3), the A-HYEGARCH(0, 0.45, 0, k) T=3000 model reports estimation biases of bias d = 0.0179 (when k = 4) for the m 3 design and bias d = 0.0845 (k = 3) for the m 2 design, both are the smallest results for the corresponding DGP designs. It appears that the value of k at which the estimation bias of the long memory parameter d reaches its minimum is related to the underlying number of structural changes. Based on our simulation results, the optimal value of k for A-HYEGARCH models is very likely to be equal to the number of regimes of the data plus one. More importantly, most of the A-HYEGARCH (k > 0) models produce smaller biases compared to the HYEGARCH (k = 0). Table 4 reports simulation results for estimates of A-HYGARCH(1, d, 0, k) models. For the m 3 design, the smallest estimation bias produced by A-HYEGARCH(1, 0.45, 0, k) T=3000 models equals to 0.0090, which is achieved at k = 4. The smallest estimation bias for the m 2 design produced by the same class of models equals to 0.0999, which is achieved at k = 3. This is consistent with our observation above. In addition, A-HYEGARCH still outperforms HYEGARCH in producing a more accurate estimate of d. Table 4 . Simulation results for estimation of A-HYEGARCH(1, d, 0, k) models with various structural change designs. HYEGARCH(1,0.25,0,k) A-HYEGARCH(1,0.35,0,k Tables 3 and 4 . Note that a constraint of d < 0.5 was imposed in the maximum likelihood estimation to ensure stationarity. When the true value of d is approaching 0.5 (the case d = 0.45) , this may lead to some negative bias observed for A-HYEGARCH models. Table 5 . Simulation results for estimation of A-HYEGARCH(1, d, 1, k) models with various structural change designs. HYEGARCH(1,0.25,1,k In the analysis above, we focus with the DGPS with T = 3000. As sample size increases, the estimation bias and standard error both tend to decrease. The consistent reduction of Bias and SE, and hence RMSE, accompanying the growth of sample size provides a possibility for further reducing the estimated root mean square errors. With more replications and larger sample sizes, we anticipate greater stability in the simulation results.
A-
In general, the A-HYEGARCH model consistently outperforms HYEGARCH across different simulation designs with and without structural change. Thus, inclusion of the trigonometric components in the A-HYEGARCH model appears to effectively mitigate the upward bias in estimating d. This suggests the usefulness of A-HYEGARCH to model financial sequence in practice. Our empirical evidence to demonstrate this is discussed in the next session.
Empirical Results
We apply various (adaptive) long-memory GARCH-type models studied in this paper to four world stock indexes, comparing their performances at modeling return volatility. They are: (1) For each index, the return in the percentage series is defined as the logarithm of the hourly closing price differences times 100, that is, r t = 100 × log
, where p t is the hourly closing price recorded in the corresponding national currency at time t. Figure 3 presents plots of the return series and the absolute return series (as proxy for conditional volatility) for each index. Many stylized facts of financial time series such as stationarity with an approximate zero mean and clusters of volatility can be identified in the figure. The autocorrelation of the original and absolute return series is shown in Figure 4 , which presents more stylized facts such as the absence of autocorrelations in the mean level and the slow decay of autocorrelation in the volatility. Such slow decays suggest large persistence in the volatility processes for the stock index returns. Hence, long memory models are expected to provide better performance in modeling the conditional variance of the chosen financial series. Table 6 displays a group of summary statistics for the stock index returns. It can be seen that, though there are some large deviations, the mean value is very close to 0 for all indexes. FTSE and ASX have standard deviations smaller than 0.25, while S&P and Nikkei have slightly larger variations. S&P is positively skewed in contrast to the other three indexes, which are all negatively skewed. All indexes have kurtoses significantly larger than 0, suggesting that none of them has a Gaussian distribution. Normality tests results reported include p-values from the Kolmogorov-Smirnov and Jarque-Bera tests. All p-values are quite close to 0, indicating the rejection of the null hypothesis that selected index returns are normally distributed. Further, we present the Ljung-Box test results, which indicate that significant autocorrelations exist in all absolute return series, which confirms with findings drawn from Figure 4 indicating significant ARCH effects for all indexes. Finally, most index pairs exhibit weak positive correlations during our sample period. The correlation between Nikkei and FTSE, and that between Nikkei and S&P, however, are weakly negative. Min is the minimum, Max is the maximum, Mean is the mean, S.D. is the standard deviation, Skew is the skewness, Kurt. is the kurtosis, K.S. is the p-value of Kolmogorov-Smirnov normality test, J.B. is the p-value of Jarque-Bera normality test, |Q| 10 is the p-value of the Ljung-Box test for absolute returns at lags 10.
Procedure of the A-HYEGARCH Model Fitting Empirical Data
Before fitting the empirical data, we summarize the procedure of our A-HYEGARCH model as a flowchart demonstrated in Figure 5 . First, high-frequency data are tested for the existence of structural breaks. If they are not present, an ordinary HYEGARCH (k = 0) can be fitted. Otherwise, we need to determine the value of k. As discussed above, Baillie and Morana (2009) suggest that a parsimonious choice like 1 or 2 is normally a good start. Structured tests can also be performed (such as the likelihood-ratio test) to obtain an optimal choice. Popular criteria like AIC and/or BIC may also be considered. Finally, if the empirical data are fat-tailed/leptokurtic, an appropriate choice of fat-tailed distribution like Student's t, rather than the Gaussian, will be assumed for the innovation sequence. The parameters are therefore estimated by maximizing the corresponding (log-)likelihood function. 
Structural Change Test
To demonstrate the potential usefulness of the adaptive long-memory GARCH-type models, we firstly conduct formal structural change tests to confirm that they significantly exist in the dataset investigated. More tests are then conducted to detect structural breaks in the log-return series of the four indexes. According to Ross (2013) , this Mood-type test employed can only be applied to independent time series. Hence, we firstly standardized the return series {ε t } by dividing the conditional standard deviation √ h t derived from a GARCH(1,1) model. 5 Then, we apply the Nonparametric Change Point Model (NPCPM), which is proposed by Ross (2013) based on the seminal work of Mood (1954) , to detect existence and locations of structural change points. Figure 6 presents the hourly return and change points for stock indexes S&P, FTSE, ASX and Nikkei over the period 1 January 2008 to 31 December 2011. The vertical red dash lines indicate the structural change points in hourly returns detected by using the Mood test and NPCPM algorithm. There are 5, 5, 1 and 1 change points discovered for S&P, FTSE, ASX and Nikkei, respectively. Hence, adaptive long-memory GARCH-type models are expected to provide more accurate results. Those without the adaptive feature are also fitted for comparison. 
Model Performance Comparison
We firstly consider the four ordinary long-memory GARCH(1,d,1) models: FIGARCH, HYGARCH, FIEGARCH and HYEGARCH. Their adaptive extensions are subsequently fitted 6 . The estimation results are reported in Table 7 for the non-adaptive models and in Tables 8 and 9 for the adaptive models. The effectiveness of the adaptive extension can then be observed. Apart from that, other information can be obtained by contrasting HYGARCH to FIGARCH specification, 5 This approach creates the iid sequence {z t } and is adopted in Ross (2013) to address the dependence issue. for GARCH an EGARCH frameworks, respectively. Therefore, we consider the following four pairs of model comparisons: 7
From Table 7 , all non-adaptive models produce considerably large estimated d, indicating significant persistence for all indexes. For instance, estimated d for the S&P index are 0.9611 by FIGARCH model and 0.8837 by HYGARCH model. These values are quite close to the upper bound of the long memory parameter in the corresponding models, suggesting extreme persistence in the conditional variance of S&P return series. This is consistent without observations in Figure 3 . Notice that long memory parameters estimated by HYGARCH are considerably smaller than that produced by FIGARCH for all indexes. Since structural change is present, a lower d is expected to be more accurate. This is consistent with Davidson (2004) , who argues that the inclusion of τ in the HYGARCH specification would improve the accuracy of long memory measure. As for Pair2, HYEGARCH and FIEGARCH tend to produce similar long-memory estimates 8 . Overall, all of the large estimates of d demonstrate concerns of non-stationarity.
From Table 8 and 9, estimated d are much smaller when the adaptive feature is allowed. This result is consistent across all four indexes, with the most remarkable reductions found in estimates for the ASX and Nikkei stock indexes. Using ASX as an example, we compare estimates of d produced from Pair3 and Pair1 models. It shows that the A-FIGARCH model can bring down estimated d from 0.8867 (produced by the FIGARCH model) to 0.7333. The reduction for the HYGARCH specification is from 0.5944 to 0.5422. These results demonstrate the effectiveness of adaptive long-memory GARCH models without logarithm transformation for the conditional variances. The reductions for the EGARCH-type pairs are more significant. In contrast to a large estimate over 0.85 when adaptive feature is not considered, A-FIEGARCH and A-HYEGARCH models result in 0.2122 and 0.3450 for the estimated d, respectively. This result further confirms that structural change has induced the ASX return series to display misleading long memory behavior, if it is not appropriately controlled for. More specifically, both FIEGARCH and HYEGARCH suggest strong persistence, non-stationarity and non-invertibility (as d > 0.5), whereas their adaptive extensions argue moderate long-memory, stationarity and invertibility. Estimation results associated with the other return sequences demonstrate consistent findings, although reductions in estimates of d vary. This is consistent with Davidson (2004) , who suggests that FIEGARCH may provide more accurate long-memory measure than FIGARCH. Thus, the improvement of HYEGARCH over FIEGARCH may be not as significant as HYGARCH over FIGARCH, in terms of long-memory measure. Nevertheless, the HYEGARCH model has a much more flexible specification and nests FIEGARCH as a special case, providing a more general solution for long-memory modelling. Finally, various model diagnostics and evaluation criteria are reported in Table 10 for model comparison among the four adaptive long-memory GARCH models. Table 10 shows that A-FIEGARCH models and A-HYEGARCH models outperform the other two as suggested by both AIC and BIC. In particular, A-HYEGARCH is the optimal model in most cases. Despite the variation among model diagnostics, there is no material difference observed for the four adaptive models in all cases.
To sum up, all of our empirical study results demonstrate the usefulness of A-HYEGARCH model in practice, including the adaptive feature to control for the detected structural change being proven substantially effective, which is shown to be evident by the reduction in estimated d. For another, the A-HYEGARCH model outperforms other competing adaptive long-memory GARCH models in terms of model evaluation results. Thus, our proposed A-HYEGARCH model can be a widely useful tool to study long memory in practical contents, for which structural change is inevitable. 
Conclusions
This paper proposes a new A-HYEGARCH process to model high frequency financial volatility, which accounts for both long memory and structural change features. By adopting the natural logarithm of the conditional variance, no constraints are needed to ensure its non-negativity. This particular structure of the A-HYEGARCH model releases the complex restrictions that exist in many popular and related models, like the HYGARCH. Moreover, to control for the structural change, the A-HYEGARCH model employs a time-varying intercept using the flexible functional form specified by Gallant (1984) . As argued by Baillie and Morana (2009) , this feature does not require pre-testing the number or locations of structural change points before fitting to the data. Furthermore, the inclusion of the trigonometric components can effectively mitigate the upward bias in the estimate of the long memory parameter when structural changes occur.
A series of Monte Carlo studies are conducted to demonstrate effectiveness of the A-HYEGARCH model with and without the presence of structural changes. Compared with the ordinal HYEGARCH models, our results indicate that the A-HYEGARCH model can significantly reduce the overestimated long-memory parameter when structural changes do exist. In addition, it can perform at least as well when no structural change is assumed.
The usefulness of the A-HYEGARCH model in practice is also presented with empirical evidence. We consider four world-wide popular stock indexes: S&P 500, the FTSE 100, the S&P/ASX 200 and the Nikkei 225. Comparing with the (A-)FIGARCH, (A-)FIEGARCH, (A-)HYGARCH and HYEGARCH, the proposed A-HYEGARCH can lead to more reliable estimates of the long memory parameter and improved fitness in most cases. Hence, the A-HYEGARCH can be a powerful approach to model the long memory behavior of the practical high-frequency data with potential structural changes. For instance, Corsi (2009) employs long-memory models to improve the accuracy in predicting realized volatility of returns of foreign exchange rates. Batten et al. (2014) point out the importance of long-memory models in forecasting the high-frequency Value-at-Risk. The performance of long-memory models for stock return volatility is discussed in Quoreshi (2014) . Apart from those areas, our proposed A-HYEGARCH model can be widely adopted for other fields related to financial volatility or risk management, such as portfolio optimization.
Furthermore, the specification defined by Equation (11) can be flexibly adjusted based on the particular behavior of the underlying dataset. For example, the assumption of the Student's t-distribution can be replaced by a tempered stable distribution to more precisely model the tail behavior of the data (Feng and Shi 2017) . This leaves space to test asymptotic properties of the A-HYEGARCH model under various assumption settings. A detailed discussion of those extensions remains for future work.
Finally, various extensions of statistical learning methods to the GARCH model are employed in recent studies. For instance, Kristjanpoller and Hernández (2017) adopts the Hybrid Artificial Neutral Network (ANN) GARCH model to forecast the volatility of main metals. It is of particular interest to extend and apply those models to allow for the long-memory feature. A comparison of our proposed model with those potential competing extensions is out of the scope of this paper and remains for the future work.
